Purity and Proof Theory (I):
Three euclidian proofs of IP

Mirko Engler

Remark: Certainly, to discuss purity and simplicity of proofs in a formal manner,
one needs a criteria of identity of proofs, that goes beyond syntactical equality
and is stricter than proving the same theorem. We won’t give such a criteria here.
Nevertheless, that doesn’t mean, we can not investigate some general properties
of proofs. In fact, we will speak of provability in axiomatic theories, which so
to speak provide certain proofs, that are clearly to be distinguished by their
applied reasoning - no matter how to define identity of proofs precisely.

1 Formal Arithmetic

1.1 Definitions
The language of arithmetic is defined as L[PA] := L[0, S, +, x]. The theory

mL[PA] is the deductive closer of the following axioms under 1.-order classical
logic in the language of L[PA]:

(PA1) Va(Sz #0)

(PA2) Va(r+0=1x)

(PA3) Vz(z x 0=0)

(PA4) Vay(Sz = Sy —» x =)

(PA5) Vay(xz + Sy = S(z +y))

(PA6) Vay(z x Sy =2 X y+ x)

(Ind) ©(0) AVz(p(xz) = ¢(Sx)) = Vrp  for ¢ in L[PA]

Definition 1.1. We extend L[PA] by the following definitions to L[PA]™:
e 1:=5(0)
o r <y Tz (z+z=1y)
e x>y <y

o zly > x>0AT2cy(z xx=1y)

P(x) >z >1AVy<,(ylzr —y=azVy=1)

[T;_, pi :=p1 X ... X py, for the first n primes, such that p, < SSz

tz(z+y=u2a), ifx>y
T—y =
undefinded, otherwise



Furthermore we can formulate in the language of L[PA|™ the schema
(< —Ind) Va[vy(y <z — ¢(y)) = (z)] = Vayp

for ¢ in L[PA], which is equivalent to (Ind) over i
——L[PA]" . . . —=—L[PA] .. . .
PA is just an extension of PA by definitions. We won’t differentiate
between them and only speak of PA. Furthermore it will be interesting to
distinguish between variants of PA wich use weaker induction, i.e. induction
restricted to formulas of a certain arithmetical complexity. These theories will
be denoted by IX? if they allow for induction up to X9-formulas.

. Recognize that

1.2 Basic Lemmata

First, we prove some basic principles, which are helpfull to give Euclids version
of the proof of IP in PA.

Lemma 1.2. PA | Vz(z # Sx)
Proof. By (PA 1) it is the case that

PA HVz(Sz # 0) (1)
PA FS0 # 0 (2)

By contraposition of (PA 4) it follows that

PA FVzy(x £y — Sx # Sy) (3)
PA FVz(x # Sx — Sx # SSx) (4)

and using the Induction-Schema we finally conclude that

PA FS0 # 0 AVz(x # Sx — Sz # SSx) — Va(r # Sx) (5)
PA FVz(z # Sx) (6)
O

Lemma 1.3. PAF Vay(z < S(y) <> = <)

Lemma 1.4. PA FVa(z > 1 — Jy(Py Ay|z))

Proof. Because PA F x|z we conclude that
PA FPx — 32(Pz A z|z) (7)
By definition of Pz it follows that

PAF-Pz — (z>1— Jou(v <z Av|x)) (8)
PARVy(y <z — 32(Pz A zly)) = (Fv(v < z Av|lz — Fz(Pz A zv)) (9)



since PA F Vavz(v|z — (z|v — z|z)), we conclude that

PAF-Pzr—[z>1— (Vy(y < x — 32(Pz A z|y)) — Iz(Pz A z|z))]

And since PA + Pz Vv - Pz by logic

PARVz[z > 1 = Vy(y <z — F2(Pz A zly)) = J2(Pz A z|x)]

Using (< - Ind) with = > 1, we conclude that

PA FVzlx > 1 — (Vyly <z — Fz(Pz A zly)) = J2(Pz A z|z)]

— V(x> 1 — Jy(Py Aylx)))
PA FVz(z > 1 — Jy(Py A yl|z))

Lemma 1.5. PAF Vay(y|lz Ay|Sx —y=1)
Proof.

PAtuxy=axzAvxy=S)—= (x <Sx) = u<v)
PA Fx < S(z)
PAtuxy=azAhvxy=S() >u<v

By PA 6 we conclude that

PAby>1— S(yxu)<yxS(u)
PAtu<v— S(u) <w
PAFS(u) <v—yxS(u) <yxwv

By PA-provable transitivity of < we conclude that

PAFS(yxu)<yxSu) = (yxSu) <yxv—= Sy xu) <yxwv)

PAtu<v—=(y>1— S(yxu) <yxv)

PAFS(y xu) <yxv— S(z) <S(x)

PAFS(z) < S(z) —» L

PAFu<v—y<l1

PAtuxy=z)AVw(lvxy=Sx)—y<l1

PAFVwuxy=xzAvxy=5Sx)—>y<1) —
Fwuxy=xAvxy=5x) —=y<1)

PAFylz AylS(z) =y >0ATw(uxy=xAvxy=5())

PAtylz AylS(z) =y >0ny <1
PA FYyx(y|lz Ay|S(x) = y=1)

(10)

(11)



2 Euclidian Proofs

2.1 Euclid’s proof

Now we can give an axiomatic proof which is using only the reasoning applied
by Euclid in Book IX, Proposition 20 of his Elements (see [Heath, 1908]).

Theorem 2.1. PA - Va3y(y > x A Py)

Proof. By pure logic inside PA, we conclude that

PA RYy(Py — (y <z — y| [ p) = Gu(Py AylS( [ ) —
=1 N N =1 (1)
(Vy(Py =y <) = y(Py Ayl [ pi AulS( [ p)

=1 i=1

With the definitions of y|x and []]_, p; it is the case that

PA By (Py — (y < = — y|(] [ »:))) (2)

i=1

By lemma [1.4] we know that PA F Va(z > 1 — Jy(Py A y|z)) and by Def. of Px
that PA + S([T;_, p:) > 1, so

PA F3y(Py A yIS([ pi) 3)

i=1

From and [3] it follows that

PA HYy(Py =y < x) = 3y(Py Ayl [ [ pi AulS(T [ p) (4)

=1 =1

By lemma [1.5 we know that PA - Vzy(y|z A y|Sz — y = 1) and by Def. of Pz
that PA +Vy(Py — y # 1), so

PA F3y(Py Ay [ pi AylS( ] i) = L (5)
i=1 i=1

PARVy(Py —»y<z)— L (6)

PA HVz3y(Py Ay > x) (7)

O

2.2 A simplified version of Euclid’s proof

The proof can be cast a little differently. By definition, [];_, p; is divisible
by any prime number p; < SSz. Suppose S(I];_, pi), being larger than any
prime number p; < SSz, is divisible by at least one of them. Let py < p; be
a prime-divisor of S([];_, p;). Then py divides S([T;_,pi) — [[i,pi = 1, a
contradiction.

Formally, this amounts to giving a different proof of Lemma [I.5] which prima
facie looks also simpler.



Proof.
PA bylz AylSz — (1z(z x y = Sx) —1z(z x y =) = Sz — 1) (1)
PAruiz(zxy=95z) —iz(z xy=2)=Sx—z —

yX (Lz(zx1=8z)—wz(zx1=1x))=1
PAFyx (1z(zx1=82)—wz(zx1=2z))=1—=3z(zxy=1) (
PA FVzy(y|z A y|Sz — y|1) (4
(
(

w
—_ —

PARVy(y|ll - y=1)
PA FVzy(ylz Ay|Sx =y =1)

S Ot
= =

O

2.3 Euclid’s proof with induction

With a slightly different reasoning, one can provide a proof using induction in
the following way.

Proof. By Def. of | and Pz it is the case, that

PA FYy(y|S1 — y > 0 A 3z(z x y = S1)) (1)
PA FVy(y|S1 - y=1Vy=51) (2)
PA FP(S1) (3)

Furthermore, using lemma [I.3] we conclude that

PAFS1>0 (4)
PA F3y(Py Ay > 0) (5)
By pure logic in PA we conclude that
x+1
PA F3y(Py Ay >z — (3y(Py A y|S(H Di) —

i=1
z+1 z+1 (6)

(Vy(Py =y < Sz) — Jy(Py Ayl [ [ pi AwlS(T] pi)
=1 =1

Applying the lemmata and like in the previous proofs, it follows that

PAF3y(Py Ay >z — (Vy(Py —» y < Sz) —
z+1 z+1 (7)

Fy(Py Ayl [T pi A ulS(T ] p2)
=1 =1
r+1 x+1

PA F3y(Py Ayl [ pi AwlS(T ] pi) = L (8)

=1 i=1

PA FVz(Jy(Py Ay > z) — Jy(Py Ay > Sz)) 9)
Let o(z) := Jy(Py Ay > x) be the induction-formula, then
PA FV23y(Py Ay > x) (10)



3 Comparing the euclidian proofs of IP

3.1 Interpretability Strength

It can be easily seen, that all reasoning of the original version of Euclids proof
in 2.1} can be done in 1A, except for one: From Chebyshew it is known, that
the function []}_, p; is growing exponentially (see [D"Aquino, 1992]). But if IA
proves the totality of a function, then this function is polynomial, as proven in
[Parikh, T971]. So IA doesn’t prove the totality of [[;_, p; and so doesnt allow
us to assume the existence of []7_, p; for arbitrary . This can be done at first
in IAg(exp). Also IAg(exp) £ IAg. The same is true for the version of the proof
in

On the other hand, the proof by induction in has to be carried out in IXY as
there is no obvious way to restrict the quantifier in Jy(Py Ay > x), so we need
at least X{-induction. Furthermore 1% 4 IA(exp).

In terms of interpretability strength, the proofs provided in and are
equally simple, but simpler than the proof provided in 2.3} It remains to be
shown, that proofs in the manner of 2.1 and [2:2] can not be translated into each
other via a recursive function.

3.2 Proof-theoretic Reduction
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